A Combinatorial Interpretation of the Conti–Contucci–Falcolini Polynomial  by Incitti, Federico
doi:10.1006/eujc.2002.0605
Available online at http://www.idealibrary.com on
Europ. J. Combinatorics (2002) 23, 823–831
A Combinatorial Interpretation of the Conti–Contucci–Falcolini
Polynomial
FEDERICO INCITTI
Conti et al. define a two-variable polynomial associated with any rooted tree. In this paper we
give an explicit combinatorial interpretation of the coefficient of this polynomial. In order to do this
we introduce a special class of subtrees which seem to have never been considered before in the
literature.
c© 2002 Elsevier Science Ltd. All rights reserved.
1. INTRODUCTION
In [1] Conti et al. associate with any rooted tree λ a two-variable polynomialCλ(t, a). They
introduce this polynomial showing that it is an invariant for rooted trees and giving a statistical
mechanics interpretation related to the Ising Model. Our purpose in this paper is to give an
explicit combinatorial description of the coeff cients of this polynomial, a problem raised by
the authors of [1].
The organization of the paper is as follows. In Section 2 we give all basic defi itions and
notation that we will use in the paper, and def ne the polynomial Cλ(t, a). In Section 3 we
introduce a special class of subtrees and a square matrix associated with any rooted tree, that
will allow us to state and prove our main results.
In Section 4 we give two examples of application of our results and f nally, in Section 5, we
conclude with an open problem.
2. PRELIMINARIES
In this section we collect some basic def nitions and notation that we will use in the paper.
A tree is a connected acyclic graph. A rooted tree is a tree with a marked vertex, called root.
Let us consider a rooted tree λ with set of vertices V , set of edges E and root r . There is a
natural partial order between vertices: we say that a vertex v follows a vertex v′(v ≥ v′), if
the path going from the root to v contains v′. For each vertex v we denote by sv the set of
successors of v, i.e., the vertices which follow v, and by sv,1 the set of fi st successors (or
children) of v, i.e., the vertices which follow v and are adjacent to v. A vertex is called leaf if
|sv,1| = 0, i.e., if it has no successors. We denote by ∂λ the set of the leaves of λ and by lλ
their number (lλ = |∂λ|). For each vertex v ∈ V we denote by λv the rooted tree which has v
as root and is the subgraph of λ induced by sv . If there is no ambiguity about the rooted tree
which we are referring to, we write lv instead of lλv . The depth of λ, denoted by dp(λ), is the
maximal length (i.e., number of edges) of a path going from the root to a leaf.
Let us recall the definitio of the polynomial Cλ(t, a) given in [1].
DEFINITION 1. Let λ be a rooted tree with root r . The Conti–Contucci–Falcolini polyno-
mial associated with λ is the two-variable polynomialCλ(t, a) define recursively as follows:
for every vertex v set
Cλv (t, a) =



a, if v is a leaf,
∏
v′∈sv,1
[Cλv′ (t, a) + t], otherwise.
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FIGURE 1.
Finally, set
Cλ(t, a) = Cλr (t, a).
A few examples are shown in Figure 1.
The authors of [1] are interested in particular in studying the one-variable polynomial
Cλ(t) = Cλ(t, 0). We will obtain from our results a simple direct formula for Cλ(t).
3. RESULTS
In this section we state and prove our main results.
Given a rooted tree λ, a subtree of λ is a rooted tree µ which is a subgraph of λ and has the
same root of λ. A rooted tree is called trivial if it has only one vertex, the root.
DEFINITION 2. A subtree µ of a rooted tree λ is called solid if for each vertex v of λ, if a
child of v is a vertex of µ then all the children of v are vertices of µ. If µ is a solid subtree
of λ, we write µ  λ.
Given a rooted tree λ and a subtree µ of λ, we denote by p(µ, λ) the number leaves of µ
which are not leaves of λ and by q(µ, λ) the number of leaves of µ which are also leaves of λ:
p(µ, λ) = |∂µ\∂λ|, q(µ, λ) = |∂µ ∩ ∂λ|.
Note that
p(µ, λ) + q(µ, λ) = lµ
and, since lµ ≤ lλ, we have
q(µ, λ) ≤ lλ − p(µ, λ).
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Our f rst result gives a nonrecursive formula for the polynomial Cλ in terms of the solid
subtrees of λ.
THEOREM 1. Let λ be a nontrivial rooted tree. Then
Cλ(t, a) =
∑
µλ nontrivial
t p(µ,λ)(t + a)q(µ,λ). (1)
PROOF. We prove the result by induction on dp(λ). If dp(λ) = 1, the children of the root
are leaves, hence the left-hand side (l.h.s.) of (1) equals
∏
v∈sr,1
[Cλv (t, a) + t] = (t + a)|sr,1|
and the only nontrivial solid subtree of λ is λ itself, so the right-hand side (r.h.s.) of (1) equals
t p(λ,λ)(t + a)q(λ,λ) = (t + a)|sr,1|.
Now suppose dp(λ) ≥ 2. Using the inductive hypothesis we have
Cλ(t, a) =
∏
v∈sr,1
[Cλv (t, a) + t] =
∏
v∈sr,1∩∂λ
(t + a)
×
∏
v∈sr,1\∂λ

t +
∑
µλv nontrivial
t p(µ,λv)(t + a)q(µ,λv)


= (t + a)|sr,1∩∂λ|
∏
v∈sr,1\∂λ


∑
µλv
t p(µ,λv)(t + a)q(µ,λv)


=
∏
v∈sr,1


∑
µλv
t p(µ,λv)(t + a)q(µ,λv)


=
∑
µλ nontrivial
t p(µ,λ)(t + a)q(µ,λ),
where the last equality is due to the fact that choosing solid subtrees of the λv’s (for each
v ∈ sr,1) is equivalent to choosing a nontrivial solid subtree of λ. 
It is useful now to introduce a square matrix associated with a nontrivial rooted tree λ,
encoding information about the solid subtrees of λ.
DEFINITION 3. Let λ be a nontrivial rooted tree. The solid subtree matrix associated with
λ is the square matrix of order lλ + 1
Dλ = (dpq)p,q=0,1,...,lλ
whose (p, q)-entry is def ned by
dpq = |{µ  λ : µ nontrivial, p(µ, λ) = p, q(µ, λ) = q}|.
Let us mention some simple properties of the matrix Dλ. Note that dpq = 0 for q >
lλ − p, so all entries under the antidiagonal are zero. Furthermore the entries of the f rst row
(corresponding to p = 0) are all zero, except for d0lλ which is 1. Finally, denoting by λ the
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subtree of λ which is the subgraph induced by V \∂λ, Dλ has nonzero elements, except for
d0lλ , only in the rows with indices from 1 to lλ.
Now we state and prove our main result, which gives a combinatorial description of the
coeff cients of the Conti–Contucci–Falcolini polynomial Cλ(t, a), relating them to the entries
of the solid subtree matrix Dλ.
THEOREM 2. Let λ be a nontrivial rooted tree with solid subtree matrix Dλ = (dpq). Then
Cλ(t, a) =
lλ∑
h=0
lλ−h∑
k=0
chka
kth , (2)
where
chk =
h+k∑
q=k
(
q
k
)
dh+k−q,q . (3)
PROOF. Starting from the result of Theorem 1, we obtain
Cλ(t, a) =
∑
µλ nontrivial
t p(µ,λ)(t + a)q(µ,λ)
=
lλ∑
p=0
lλ−p∑
q=0
dpqt
p(t + a)q
=
lλ∑
p=0
lλ−p∑
q=0
q∑
k=0
(
q
k
)
dpqa
kt p+q−k
=
lλ∑
h=0
lλ−h∑
k=0


h+k∑
q=k
(
q
k
)
dh+k−q,q

 akth . 
As an immediate consequence, we have a simple description of the coeff cients of the poly-
nomial Cλ(t) = Cλ(t, 0).
COROLLARY 1. Let λ be a nontrivial rooted tree with solid subtree matrix Dλ = (dpq).
Then
Cλ(t) =
lλ∑
h=0
cht
h ,
where
ch =
h∑
p=0
dp,h−p.
According to Theorem 2 we can compute the polynomial Cλ(t, a) once we know the
matrix Dλ. But the converse is also true, as we show in the next theorem, whose proof is
essentially an application of the inclusion–exclusion principle (see, e.g., Section 2.1 of [2]).
THEOREM 3. Let λ be a nontrivial rooted tree. Suppose
Cλ(t, a) =
lλ∑
h=0
lλ−h∑
k=0
chka
kth .
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Then the (p, q)-entry of the solid subtree matrix Dλ = (dpq) is given by
dpq =
p+q∑
k=q
(−1)k−q
(
k
q
)
cp+q−k,k . (4)
PROOF. Starting from the r.h.s. of (4):
p+q∑
k=q
(−1)k−q
(
k
q
)
cp+q−k,k =
p+q∑
k=q
(−1)k−q
(
k
q
) p+q∑
q ′=k
(
q ′
k
)
dp+q−q ′,q ′
=
p+q∑
q ′=q


q ′∑
k=q
(−1)k−q
(
k
q
)(
q ′
k
)

 dp+q−q ′,q ′ .
Let us consider the term in square brackets:
q ′∑
k=q
(−1)k−q
(
k
q
)(
q ′
k
)
=
q ′∑
k=q
(−1)k−q q
′!
q!(k − q)!(q ′ − k)!
=
q ′−q∑
k′=0
(−1)k′ q
′!
q!(q ′ − q − k′)!k ′!
=
(
q ′
q
) q ′−q∑
k′=0
(−1)k′
(
q ′ − q
k′
)
= δqq ′,
(δqq ′ denotes the Kronecker delta of q and q ′). Thus
p+q∑
k=q
(−1)k−q
(
k
q
)
cp+q−k,k =
p+q∑
q ′=q
δqq ′dp+q−q ′,q ′ = dpq . 
Therefore knowledge of the polynomial Cλ(t, a) is equivalent to knowledge of the solid
subtree matrix Dλ.
Our last result gives an alternative combinatorial description of the elements of the solid
subtree matrix. Given a rooted tree λ with set of vertices V and root r , we denote by V the
set of intermediate vertices, i.e., the set V = V \({r} ∪ ∂λ). We call a subset W of vertices
independent if there are no two vertices of W one being the successor of the other, in other
words if for every v, v′ ∈ W we have v /∈ sv′ and v′ /∈ sv .
THEOREM 4. Let λ be a nontrivial rooted tree with solid subtree matrix Dλ = (dpq). Then
the (p, q)-entry of Dλ is also given by
dpq =
∣
∣
∣
∣
∣
{
W ⊆ V : W independent, |W | = p,
∑
w∈W
lw = lλ − q
}∣
∣
∣
∣
∣
. (5)
In other words dpq is the number of ways we can ‘cut’ the tree in p vertices, root and leaves
excepted, leaving on it q of the original leaves.
PROOF. Let us consider the set
Xλ = {µ  λ : µ nontrivial}
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of nontrivial solid subtrees of λ and the set
Zλ = {W ⊆ V : W independent}
of independent subsets of intermediate vertices. To prove the theorem it suff ces to show that
there is a bijection τ : Xλ → Zλ such that for each µ ∈ Xλ, if W = τ (µ), we have
p(µ, λ) = |W |, q(µ, λ) = lλ −
∑
w∈W
lw.
Let us def ne τ : Xλ → Zλ. For each µ ∈ Xλ the set ∂µ\∂λ is made of intermediate vertices
and is independent, hence it belongs to Zλ. We set
τ (µ) = ∂µ\∂λ.
Now we defi e τ : Zλ → Xλ. For each W ∈ Zλ the subgraph of λ induced by the set of
vertices (
V
∖
⋃
w∈W
sw
)
∪ W
is a solid subtree of λ and is nontrivial, hence it belongs to Xλ. We def ne τ (W ) as this solid
subtree. It is easy to see that τ is the inverse of τ , so that τ is a bijection. Furthermore, if
µ ∈ Xλ and W = τ (µ), we have
∂µ =
(
∂λ
∖
⋃
w∈W
∂λw
)
∪ W.
In particular
∂µ ∩ ∂λ =
(
∂λ
∖
⋃
w∈W
∂λw
)
, ∂µ\∂λ = W,
thus p(µ, λ) = |W | and
q(µ, λ) = |∂λ| −
∑
w∈W
|∂λw| = lλ −
∑
w∈W
lw. 
4. EXAMPLES
In this section we give two examples of application of our results: the f rst one is essen-
tially a numerical computation, the second one allows us to compute a closed formula for a
recursively-def ned class of polynomials.
As a f rst example, let us consider the rooted tree λ of Figure 2. In the picture we have
written next to each intermediate vertex v the number lv .
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FIGURE 2.
By (5), we can easily calculate the entries of the matrix Dλ, obtaining
Dλ =



















0 0 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 2 0 1 2 4 2
0 2 0 4 6 2 7 9 6 1
2 0 6 5 6 10 8 2 0
0 2 1 4 4 1 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0
0 0 0 0
0 0 0
0 0
0



















.
Now applying (3) and (2) we obtain directly the polynomial Cλ(t, a):
Cλ(t, a) = a11 + (1+ 2a5 + a7 + 2a8 + 4a9 + 13a10)t
+ (2a + 4a3 + 16a4 + 2a5 + 14a6 + 25a7 + 42a8 + 76a9)t2
+ (4+ 18a2 + 49a3 + 16a4 + 73a5 + 127a6 + 194a7 + 264a8)t3
+ (26a + 72a2 + 48a3 + 194a4 + 350a5 + 518a6 + 606a7)t4
+ (12+ 51a + 68a2 + 291a3 + 580a4 + 882a5 + 966a6)t5
+ (14+ 46a + 250a2 + 597a3 + 994a4 + 1092a5)t6
+ (12+ 115a + 375a2 + 742a3 + 876a4)t7
+ (22+ 132a + 354a2 + 489a3)t8
+ (20+ 98a + 181a2)t9 + (12+ 40a)t10 + 4t11.
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FIGURE 3.
In particular
Cλ(t, 0) = t + 4t3 + 12t5 + 14t6 + 12t7 + 22t8 + 20t9 + 12t10 + 4t11.
As a second example, let us consider the rooted tree µn of Figure 3, whose depth and whose
number of leaves are both n.
If we consider the class of polynomials def ned recursively as follows:
C1(t, a) = t + a, Cn(t, a) = (t + a)Cn−1(t, a) + t for every n ≥ 2,
the Conti–Contucci–Falcolini polynomial associated with µn is Cn .
On the other hand, by (5), the solid subtree matrix associated with µn is the (n+1)×(n+1)
matrix D = (dpq), with the entries d0n and d1q , q = 0, 1, . . . , n − 2, equal to 1 and all the
other entries equal to 0. By (2) and (3), we obtain
Cn(t, a) = an +
n−1∑
h=1
[(
n
h
)
an−h +
n−h−1∑
k=0
(
h + k − 1
k
)
ak
]
th + tn .
5. CONCLUSIONS
Conti et al. have shown that the polynomial Cλ(t, a) is a complete invariant for rooted
trees, i.e., the map λ → Cλ(t, a) is injective. We have shown that knowledge of the Conti–
Contucci–Falcolini polynomial is equivalent to knowledge of the solid subtree matrix. So
the matrix Dλ is also a complete invariant for rooted trees. An interesting question is the
following.
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OPEN PROBLEM 1. Let D be a square matrix. Under which conditions is the matrix D the
solid subtree matrix of some rooted tree?
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